The paper is devoted to the study of the Cauchy-type problem for the differential equation
∈ R m . Using the direct and inverse Fourier and Laplace integral transforms, the explicit solution of the considered problem is deduced in terms of the Mittag-Leffler function. In the case 0 < α < 2 the explicit solution is established via the H-function, in particular via the Wright function for m = 1, and its asymptotic behavior at infinity is studied. Special cases are considered. Examples are given, and their solutions are illustrated by using the program Mathematica.
Introduction
The paper deals with the differential equation respectively, and hence equation (1.1) with α = 1 and α = 2 coincide with the diffusion (heat) equation ∂u(x, t) ∂t = λ 2 ∆ x u(x, t) (x ∈ R m ; t > 0), (1.4) and the wave equation ∂ 2 u(x, t) ∂t 2 = λ 2 ∆ x u(x, t) (x ∈ R m ; t > 0), (1.5) respectively. Therefore equation ( I 0 0+,t u (x, t) = u(x, t). If α = n ∈ N, then in accordance with (1.2) and (1.10), problem (1.1), (1.7) takes the form of the Cauchy problem for the differential equation with the partial derivative of order n:
Therefore, by an analogy, problem (1.1), (1.7) is called the Cauchy-type problem.
In this paper we apply the direct and inverse Fourier and Laplace integral transforms to establish the solution in closed form of problem (1.1), (1.7). First for any α > 0 we deduce such a solution in terms of the above transforms and of the Mittag-Leffler function [4, 18.1(19) ]:
(1.14)
Then we prove that in the case 0 < α < 2 the explicit solution can be expressed via the H 17) being an entire function of z for a > −1 and any b ∈ R, [8, Corollary 1] . Special cases of the above problems (1.1), (1.7) and (1.6), 1.7) are considered. Using asymptotic estimates for the H m,n p,q -function (1.15), we investigate the asymptotic behavior of the obtained explicit solution u(x.t) for 0 < α < 2 at infinity.
Finally we consider examples of the Cauchy-type problems (1.1), (1.7) and (1.6), (1.7), and illustrate obtained solutions by using the program Mathematica.
Explicit solutions in terms of the Laplace and Fourier transforms and of the Mittag-Leffler function
To solve the Cauchy-type problem (1.1), (1.7) we apply the Laplace and Fourier transforms of a function u(x, t) with respect to t > 0 and x ∈ R m : 2) and their inverse transforms with respect to s ∈ C and σ ∈ R m :
3) 
we have
Applying the Fourier transform (2.2) to (2.6) and using the formula for the Fourier transform of the operator ∆ x :
7) we obtain the following relation
where
Applying the inverse Fourier and Laplace transforms (2.4) and (2.3), we deduce solution u(x, t) of the initial problem (1.1), (1.7) in the form:
We express solution (2.9) in terms of the Mittag-Leffler function (1.14), being an entire function of z ∈ C. On the basis of the formula for the Laplace transform of this function(for example, see [15, (1.93) ], there hold the relations
Applying the inverse Laplace and Fourier transforms (2.3) and (2.4) to (2.8) and taking (2.10) into account, we obtain the explicit solution of the problem (1.1), (1.7) in the form
The above yields the following result.
and let the integrals in the right-hand side of (2.11) (2.11) .
In particular, when m = 1, the solution of problem (1.6) , (1.7) has the form 
provided that the integral in the right-hand side of (2.14) is convergent.
In particular, for m = 1 the solution of the problem 18) provided that integrals in the right-hand side of (2.18) are convergent.
In particular, for m = 1 the solution of problem (1.6) , (2.17) has the form
Suppose that the functions f k (x) (k = 1, . . . , n) are infinitely differentiable on R m . Substituting (1.14) into (2.11), and changing the orders of integration and summation (it is possible because the series in (1.14) is uniformly convergent), and taking into account the relation
for jth powers of the Laplace operator (
, we obtain the following representation for the solution (2.11):
This lead us to the next statement. (2.21) .
(2.25) provided that the series in the right-hand side of (2.25) are convergent.
(2.26)
Explicit solutions in terms of the H-function
If 0 < α < 2, then the explicit solution of equation (1.1) with initial conditions (1.7) for 0 < α ≤ 1, n = 1 and 1 < α < 2, n = 2 are expressed via the H 
Here a, b, c, d ∈ R, and L is a contour starting at the point γ − i∞ and terminating at the point γ + i∞, where γ ∈ R, and separating all poles of the Gamma-functions Γ(c + τ ) and Γ(d + τ /2) from to the left. 
(cρ), we have
Using the formula [13, 2.16.21.1]:
Substituting (3.6) into (3.4), we obtain (3.2), and thus the lemma is proved.
According to (3.2) with c = s α/2 /λ,
and hence
By (3.7), equality (2.8) takes the form
In accordance with the Fourier convolution theorem, we rewrite this relation in the form
Applying the inverse Fourier transform (2.4) to (3.8), we have for x ∈ R m and s ∈ C:
Applying the inverse Laplace transform (2.3) to (3.9), we can deduce the explicit solution of the Cauchy-type problem (1.1), (1.7). For this we need to find the inverse Laplace transform of the functions
Now we show that for 0 < α ≤ 1, k = 1 and 1 < α < 2, k = 1, 2 functions in (3.10) are represented by the Laplace transform (2.1) of H 2.0 2,2 -functions (3.1) multiplying by power functions. From (2.1) and (3.1) we have
Hence, in accordance with (1.15),
It is directly verified the following relation Substitution of (3.13) into (3.12) yields (3.11), which completes the proof of lemma.
Let n = 1 for 0 < α ≤ 1 and n = 2 for 1 < α < 2. Using (3.11), we rewrite (3.9) in the form
Applying the inverse Laplace transform (2.3), we obtain the solution u(x, t) of the problem (1.1), (1.7) in closed form:
(3.14) From the above arguments we deduce the following results. 
15) is solvable, and its explicit solution has the form
where 17) provided that the integral in the right-hand side of (3.16) is convergent. 
is solvable and its explicit solution has the form
where G α 1 (x, t) is given by (3.17) , and
provided that the integral in the right-hand side of (3.19 ) is convergent. 
Explicit solutions in terms of the Wright function
2,2 -functions in (3.14) are expressed via the Wright function (1.17).
Lemma 4. Let 0 < α < 2, λ > 0 and let k = 1 for 0 < α ≤ 1, while k = 1, 2 for 1 < α < 2. Then for x ∈ R and t > 0 
Using usual technique and evaluating residues of the integrand at poles 
) is solvable, and its explicit solution is given by
provided that the integral in the right-hand side of (4.4) is convergent.
Theorem 6. If 1 < α < 2 and λ > 0, then the Cauchy-type problem for equation (1.6) 
with the initial conditions
is solvable, and its explicit solution has the form
provided that the integral in the right-hand side of (4.7) is convergent. Here G α 1 (x, t) is given by (4.5) , and G 
Behavior of solutions for large x
We investigate a behavior of solutions (3.16) and (3.19), as |x| → ∞. For this we find an asymptotic estimate of the H 2,0 2,2 -functions in (3.17) and (3.20).
Then for any fixed t > 0 there hold the following asymptotic estimates:
where A k (k = 1, 2) are certain constants. 
where k = 1 for 0 < α ≤ 1, while k = 1, 2 for 1 < α < 2. Since 0 < α < 2, then it follows from (5.2) that G α 1 (x, t) and G α 2 (x, t) for any fixed t > 0 tend to zero, as |x| → ∞,
Then from (3.16) and (3.19) we obtain the following result. 
19) of the Cauchy-type problem (1.1), (3.18) for any fixed t > 0 tends to zero, as |x| → ∞:
Remark 4. Relations (5.5) and (5.6) show that solutions (3.16) and (3.19) of the Cauchy-type problems for the partial fractional differential equation (1.1) of order 0 < α ≤ 1 and 1 < α < 2, with the respective initial conditions (3.15) and (3.18), tend to zero, as x tends to infinity. This result show that solutions of the above problems have the same property as solutions of the Cauchy problem for the heat equation (1.4) and for the wave equation (1.5) . This property usually put as the initial condition of the Cauchy problem for the heat and wave equations (1.4) and (1.5); for example, see [19] .
Examples
Here we give examples of solutions of the Cauchy-type problems (1.1), (1.7) and (1.6), (1.7) and illustrate the obtained solutions in the case m = 1 and f (x) = sin x x in graphs by using the program Mathematica. We begin with the case α = 1/2. Example 1. Consider the Cauchy-type problem (3.15) with α = 1/2:
By Theorem 3, its solution has the form
where G 
where G 1/2 1 (x, t) is given by (4.5) with α = 1/2. If f (x) is infinitely differentiable on R m , then by Corollary 5
are solutions of problem (6.1) and (6.3), respectively. 
By Theorem 3, this problem has the solution (3.17) for α = 1 has the form In particular, when m = 1 the Cauchy problem
has the solution 
By Theorem 3, its solution has the form 19) where
2 (x, t) are given respectively by (3.17) and (3.20) with α = 3/2. When m = 1, then by Theorem 6 the Cauchy-type problem If f (x) and g(x) are infinitely differentiable on R m , then by Corollary 6
(6.23) and 
When m = 1, the Cauchy problem
has the solution Denoting by F (x) a primitive of f (x) and using the Tailor expansions of f (x) and g(x) in a neighborhood of x ∈ R, we have for solution (6.30)
Hence ( Figure 5 .
